Abstract. The MZV-algebra is the algebra generated by all multiple zeta values. The stasble derivation algebra is a Lie algebra which is defined combinatorially from the study of Galois representation on the pro-l fundamental group of P 1 − {0, 1, ∞} . In this paper,we shall construct a canonical surjective map from the graded dual space of the stasble derivation algebra to the new zeta space, the space of algebraic generators of the MZV-algebra. As a corollary, we get a dimension-bounding of the MZV-algebra at each weight. Combining it with some standard conjectures in the study of the Galois representation,we shall see that it becomes a final bound.
The weight of k (resp.the depth of k )is defined as wtk = k 1 + · · · + k m (resp. dpk = m).
Examples 1.1.1. dp = 1, wt = k(k ∈ N ≥2 ) :ζ(k) wt = 1, :no corresponding MZV's wt = 2, dp = 1 :ζ(2) wt = 3, dp = 1 :ζ(3) , dp = 2 :ζ(1, 2) wt = 4, dp = 1 :ζ(4) , dp = 2 :ζ(1, 3), ζ(2, 2) , dp = 3 :ζ(1, 1, 2) wt = w, : 1 4 2 w MZV's Definition 1.1.2. For each natural number w, let Z w be the Q-vector subspace of R generated by all MZV's of weight w,Z w = ζ(k)|wtk = w Q , and put Z 0 = Q. For each natural number m,let Z m w be the subspace of Z w generated by all MZV's of depth m, Z m w = ζ(k)|wtk = w, dpk = m Q . Z w has the ascending depth filtration, Z We will call Z the MZV-algebra.On the structure of Z ,there is a conjectue in [Gon97] [Gon-ECM] Direct Sum Conjecture . Let Z be the Q-subalgebra in R generated by all MZV's. Then Z = ⊕ w≥0 Z w ,i.e. there is no non-trivial relations among different weight MZV's.
We should note that Z is not graded by the depth. For example, see ζ(3) = ζ(1, 2), ζ(1, 3) = 1 4 ζ(4). The validity of this conjecture would imply that all MZV's are transcendental numbers. But the only known results are that ζ(2k),(k = 1, 2, . . . ) is a rational multiple of of π 2k (Euler),which is transcendental (Lindemann),that ζ(3) is irrational (R.Apery) and that {ζ(n) / ∈ Q|n = 3, 5, 7, . . . } is an infinite set,which is the rescent result of Tanguy Rivoal [Ri] . So it seems hard to prove the direct sum conjecture. On the dimension of Z ,there is a conjecture in [Za] .
Dimension Conjecture . dim Q Z w is equal to d w ,which is given by the Fibonacci-like recurrence
It is very trivilal that dim Q Z w = d w is equivalent to dim Q Z w ≤ d w , the upper bound,and dim Q Z w ≥ d w , the lower bound. Many Q-linear relations among MZV's were already found by many mathematician and physicists. Due to them we know the upper bound dim Q Z w ≤ d w for w ≤ 12 and some generators of the MZV-algebra in lower weight.
In contrast, we shall construct a canonical surjection from (D * , {F m D * }), the filtred graded dual vector space of D , to NZ ,the new zeta space.
Theorem 4.3.1 . There is a canonical surjective Q-linear map as the filtred graded Q-vector space.
Besides it strictly preserves depth filtrations, i.e.
As a corollary,we get
From the study of the Galois representation, there is a conjecture on the structure of D in [Ih99]. 2. The review of the Galois representation on the fundamental group of P 1 − {0, 1, ∞} 2.1. The profinite version. Consider the homotopy exact sequence for the scheme-theoretical fundamental group of P 1 Q − {0, 1, ∞}, the projective line minus three points,
Let F 2 be the free group on two generators,which is the topological fundamental group of P 1 − {0, 1, ∞}.F 2 is its profinite completion and it can be identified with the algebraic fundamental group, π 1 (P 1 Q − {0, 1, ∞}). Gal(Q/Q) is called the absolute Galois group of Q and is denoted by G Q . The outer representation obtained from the above exact sequence ϕ : G Q → OutF 2 , where OutF 2 is the outer automorphism group ofF 2 , is known to be injective by Belyȋ([Be] ).
2.2. The pro-l version. Let l be a fixed prime number. Let ϕ l : G Q → OutF l 2 be the pro-l quotient of ϕ whereF l 2 is the pro-l completion ofF 2 , the free pro-l group of rank 2. Let {F l 2 (m)} m∈N be the lower central series ofF l 2 , which is defined inductively asF
The associated canonical sequence of infinite Galois extensions over Q,where Q l (m) is the field corresponding to Kerϕ l (m), was studied in [Ih89] [Ih90] .
There are basic properties of this tower in [Ih99].
where µ l ∞ is the group of roots of unity of l-power order.
2.3. The l-adic Galois image Lie algebra.
Definition 2.3.1. We can associate a graded Lie algebra over Q l , from the above tower of infinite Galois extensions,
There are basic open questions in [Ih90] .
Question 2.3.2.
• What is the structure of g l ? • Does there exists a motivic structure of g l ,i.e. a graded Lie algebra over Q, M such that [x, y] ] ⊕ · · · be the free graded Lie algebra over Q on two variables x and y with grading deg x = deg y = 1. It has a descending filtration {F m L } m∈N which is defined inductively as
Definition 2.4.1. The stable derivation algebra, D = ⊕ w≥2 D w is the sub-Lie algebra of DerL with grading by deg f ,where
Definition 2.4.2. P 5 ,the five-braids Lie algebra is the graded Lie algebra over Q which has following presentations.
Generators:
(ii)and(iii)} is called the depth filtration of D and it provides D a structure of the filtred graded Lie algebra. P 5 is the associated graded Lie algebra of the fundamental group of the moduli space of curves of (0, 5)-type (i.e. genus 0 and 5 marked points) and D is the Lie algebra symmetric special outer derivations of P 5 . In a ward,D is the graded Q Lie algebra version of the Grothendieck-Teichmüller group. In more details,the reader should consult [Ih92] , [Ih99] and [Dr] . In [Dr] ,D and P 5 appeared as ⊕grt n 1 (Q) and a Q 4 . The meaning of 'stable' was clrified in [Ih92] . 2.5. The connection between g l and D . From the pro-l Galois representation ϕ l , the canonical embedding of the graded Lie algebra over The validity of (1) implys that the l-adic Galois image Lie algebra g l for all prime l are motivic and D which is defined combinatorially becomes the common Q-structure of them. (3) for g l was proved by R.Hain and M.Matsumoto in [HM] . On the lower degree up to 12,H.Tsunogai verified (1), (2) and (3) We shall introduce a main tool which is reqired to prove the main theorem in the next section.Most of them can be found in [Dr] . 
where G(u) is an analytic function in complex variable u, valued on A ∧ C . The equation (KZ) has a singularity at 0, 1 and ∞. These singularities are regular and this differential equation is Fuchsian. Let C ′ be the simply-connected,the complement of the union of the real half-lines (−∞, 0] and [1, +∞) in the complex plane. (KZ) has an unique analytic solution on C ′ with a specified value at any given points in C ′ .
Proposition 3.1.1. There exist unique solutions G 0 (u) and G 1 (u) of (KZ) such that
By this mean that G 0 (u)·u −A (resp.G 1 (u)·(1−u) −B ) has an analytic continuation in a neighbourhood of 0 (resp.1) with value value at 0 (resp.1) equal to 1. Here u A := exp(Alogu) := 1 +
In the same way, (1 − u) B is well-defined on C ′ . Since G 0 (u) and G 1 (u) are both non-zero unique solutions of (KZ) with a specified asymptotic behavor,they have to differ by an invertible element. We shall introduce the main tool which is required to prove this. They are due to [Kas] .
• Picard's approximation method: Let ω 1 , ω 2 , . . . , ω n be differential 1-forms on C ′ and γ : [0, 1] → C ′ be a path on
) and γ for a path from a to z in C ′ and put G a (z) be the unique solution of (KZ) such that G a (a) = 1, then G a (z) can be computed in terms of the iterated integral:
• Iterated integral expression formula of MZV: 
for p i , q i ≥ 1. It is an iterated integral from 0 to 1 obtained by replacing A by 
S1
:
It is a basic property of the iterated integral ( [Gon98] ).
There is a natural surjection from A to A BA +A A. The latter can be naturally identified with M. Compositing them,we obtain Qlinear map f : A → M. Applying the method (A.15) in [LM] , we can get an expression of each coefficent of Φ KZ (A, B) = 1 + W :word I(W )W as follows.
•
• When W is written as B r A s ,
Then Property I in §3.3 follows. The lower degree of Φ KZ (A, B) is obtained by [Ka] . We shall not enter his theory here.For more details,see [Dr] . Let L ∧ C (resp.A ∧ C ) be the completion by degree of the free Lie (resp.free associative) algebra over complex number by two elements A and B. L ∧ C can be naturally identified with a subspace of A ∧ C by replacing [A, B] by AB − BA. The key to prove Property II was following formulae.
UP 5 ⊗ C stands for the completion by degree of the universal envelopping algebra of P 5 tensored by C. Note that in fact (III) implys (I). The proof of those formulae relies on some asymptotic behavors of certain solutions of the KZ-equations system on some specified zones. Property I and formulae (0) ∼ (III) suggest that we can get many linear relations of MZV. In the next section,we shall see that those formulae play the essential role to prove the main theorem.
The MZV algebra and the stable derivation algebra
This section is devoted to the close relationship between NZ and D . Finally we shall compare it with the study of Galois representation by Y.Ihara in §2.
4.1. The graded dual of D . Put D * be the graded dual of the stable derivation algebra,D , i.e. it is a graded vector space whose component of degree w is the dual space of D w ,i.e.
We can identify D with the subspace of the graded vector space A . 
Then D * becomes a filtred graded Q-vector space. where ∆ is a Q-linear map,replacing A (resp.B) by A ⊗ 1 + 1 ⊗ A (resp.B ⊗ 1 + 1 ⊗ B). It is a necessary and sufficent condition for I to go through L * ( [Jac] ). 
